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Abstract

The paper refers to my previous works: “«Staby» efekt magistrali w niestacjonarnej
gospodarce Gale’a z graniczng technologia i wielopasmowa magistralag produkcyjna”
(in: Matematyka i informatyka na ustugach ekonomii, D. Appenzeller (ed.), 2017)
and “Niestacjonarna gospodarka Gale’a z graniczng technologia i wielopasmowa
magistralg produkcyjng. «Staby», «silny» i «bardzo silny» efekt magistrali” (Przeglqd
Statystyczny 2018, 65(4)), and contains proofs of weak and very strong turnpike
theorems in a non-stationary Gale economy with limit technology and multilane
turnpike. In contrast to the above-mentioned papers, the growth criterion is the
maximization of discounted additive production utility over production in all periods
of the economy’s time horizon 7.

Keywords: non-stationary Gale type economy, limit production space, discounted
instantaneous utility, multilane turnpike.
JEL Classification: C6, O4.

1. Introduction

In many papers devoted to turnpike properties of optimal growth
processes in von Neumann-Gale-Leontief type economies, maximization of
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the last period production utility in a planning horizon T' = (0, 1, ..., t))!
is a growth criterion — so in these papers we have to do with the so-called
final state optimization growth problem. Turnpike properties of optimal
growth processes in stationary and non-stationary von Neumann-Gale
type economies with maximization of total value of production over the
whole planning horizon (measured at von Neumann prices) and a unique
production turnpike have been discussed in papers by Panek & Runka
(2011, 2012) and Panek (2014, 2015).

The model we shall consider in the current paper is related to the model
introduced in Panek (2017, 2018). The aim of the paper is to state and prove
weak and strong turnpike theorems in a non-stationary Gale economy
with limit technology and multilane turnpike with the sum of discounted
production utilities serving as a growth criterion.

2. The Model

We are interested in a non-stationary economy with limit technology and
multilane turnpike that has been presented in detail in the above-mentioned
papers (Panek 2017, 2018), from which we also borrow the notation.

There are n goods used and/or produced in periods t = 0, 1, ... The
symbol x(t) = (x,(?), ..., x,(£)) denotes a vector of goods used in the economy
(input vector) in period ¢, by y(t) = (y,(), ..., y,(t)) we mean a vector of
goods produced (output vector) in period ¢ If from input vector x(f) one
can produce output vector y(f) in period ¢, we say that the pair (x(¢), y(¢)) is
(describes) a feasible production process in period ¢. By Z (f) C R}" we denote
the set of all feasible production processes in period ¢ and we call the set
Gale’s production space in period t. So, if (x,y)€ Z(t) (or equivalently,
(x(#), y(1)) € Z(1)), then it is possible to produce output vector y from input
vector x in period ¢.

Gale production (technology) spaces Z(t),t=0,1, ..., satisfy the following
conditions?:

G V(x', ¥y, (% yHEZE) Y A A =00 (x', ¥+ A, (%, y) EZ(F))
(homogeneity and additivity of production processes).

! Utility is usually identified with a value of a continuous, positively homogeneous of degree one,
and concave function u: R’y — er, of which a particular example is the linear functional measuring
value of the last period 7 production measured at equilibrium (von Neumann) prices, see Lancaster
(1968, Ch. 10-11), McKenzie (2005), Nikaido (1968, Ch. 4.12-13), Panek (2011), Takayama (1985,
Ch. 7A) and references therein.

2 x 20 means that Vi (x; > 0), in contrast to x > 0 which means (xZ 0 A x #0).
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G2 V(x,y)eEZ(t)(x=0=y=0)
(no land-of-Cockaigne condition).

GV, y)eZ®)Vx'zxVvO0=sy' sSy((,y)eZ())
(costless waste condition).

(G4) Z(¢) is a closed subset of RY".

(GS5) Z(0)#and Z(t) S Z (¢t +1).

We also assume that there exists the smallest (in the sense of inclusion)
closed set ZC R?", called the limit production (technology) space, which
satisfies the conditions:

G6) 1) Z(1) <= Z,t=0,1, ...
(i) (x, y)€ Z and x =0, imply y =0.
(i) viI(x', y') e Z(yi>0).
(each good can be produced under the limit technology).

It is not difficult to demonstrate that the set Z c R*" satisfies conditions
(G1)—(G4) (Panek 2016b, Th. 1). Moreover, sets Z, Z(t),t = 0, 1, ..., are
closed convex cones in R with vertices at 0€ R*. Let us observe that
assumptions (G6)(ii)—(iii), due to the fact that the limit technology space is
the smallest set, implicitly impose some additional conditions on almost all
production sets Z(¢),t = 0, 1, .... Writing (x, y) € Z means that it is possible to
produce output vector y from input vector x in view of the limit technology.
An economy with production space meeting conditions (G1)-(G6) is called
a non-stationary Gale economy with limit technology.

If (x, y)€ Z(¢) and (x, y) #0, then (by (G2)) x # 0 and we define:

o(x,y) = max{o|ox =y},

and call it the technological efficiency rate of the (feasible) production
process (x, y) in period . We similarly define the technological efficiency
rate of a non-trivial feasible limit production process (x,y)€ Z. Under
assumptions (G1)-(G6) the function o(-) defined on Z\{0} is positively
homogeneous of degree zero and there exists a process (¥, y)e Z\{0} for
which (Takayama 1985, Th. 6.A.1):

o, y)= m

ax o,y =o, > 0.
(x, )EZ\{0} *x.y) M

We call every such process an optimal production process in a non-
-stationary Gale economy with limit technology. The number o, is said to
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be the optimal (limit) technological efficiency rate. Let us observe that any
positive multiple of an optimal process (¥, ¥) is also an optimal process.
From now on we consider only non-trivial (non-zero) production
processes belonging to Z(¢),t = 0, 1, ..., or to Z.
By Z,, we denote the set of all optimal processes in a non-stationary
Gale economy with limit technology:

Zow =1 7)€ Z\{0}| 0%, §) = o, > O}.

If conditions (G1)-(G6) hold, then (Panek 2016a, Th. 1):
—theset Z ot is a convex cone not containing 0,

- v(xay)ezopt(XZO/\yZO)a
- V()_C, )_))ezopt((x’ OCM)_C)EZopt/\G)a OLM)_})EZopt)'
Let us introduce the following notation:

S= {s S AE S Zopt(s = ﬁ);

(the set of production structures s=|;—| of optimal production processes
(X, y)EZ,y). It can be shown that the set § is non-empty, convex and

compact (Panek 2016a, Th. 2(i)). For any s € S, the half-line
N, = {As\ A> o}
is called a von Neumann ray (production turnpike) in a non-stationary Gale
economy with limit technology. The set (bundle of turnpikes)
N=U,csN;,

is called the multilane turnpike in a (non-stationary) Gale economy with
limit technology.

By p=@, ...,p,)=0 we denote a price vector of goods. For
(x, y)€ Z\{0}, the number*

~

(py
(p.x

B(x,y, p)= >0 (defined if { p, x)+#0)

~_

3 From here onwards: if a € R'}, then H a H=Z7=]ai.
4 n n
Fora,beR ,<a,b>=zi=1 a;b;.
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is called the economic efficiency rate of the process (x, y) at prices p. If there
exist a price vector p=0 and a production process (x, y) € Z \{0} such that:

AyX=y, (1)
v (x, )€ Z\{0} (P, y) <o (P, x)), (2)
(p,y)>0, 3)

then the triplet {o,(x,y), p} is said to characterize (describe) an
optimal von Neumann equilibrium in a non-stationary Gale economy
with limit technology. The vector p is called a von Neumann price vector
(or equilibrium price vector). Let us remark that the state of equilibrium is
such a state of economy (production and price levels) in which the economic
efficiency rate equals the technological efficiency rate at the highest possible
level. This is due to the fact that by (1)—(3) we obtain:

B, y, p)=max, , ez 0 B, y, P)=0(x,y) =0, >0. 4)

The condition (1) is satisfied by any optimal production process
(X,y)EZ,y. Further, for a non-stationary Gale economy with limit
technology there exists a price vector p=0 fulfilling condition (2). By
(4) it follows that the economic efficiency rate of an arbitrary process
(x,y)€ Z\{0} never exceeds the optimal technological efficiency rate o,.

The next condition (G7) states that if the technological efficiency rate
of some production process is less than the optimal rate, then its economic
efficiency (measured at von Neumann prices p) is less than the optimal rate
as well. In other words, any production process not attaining the maximum
technological efficiency rate cannot attain the maximum economic efficiency
rate:

(G7) V (x, ) €Z\{0} (ux, y) <oty =P (x, y, P) < 0ly).

Under condition (G7), every process (x,y)€ Z,, and price vector p is
a state of von Neumann, that is, it meets conditions (1)—(3) (see Panek 2018,
Th. 1) and, moreover,

ve> 038, €(0,00,)V (1, y) € Z\{0} (d(x, N)>e=B(x, y, p) <oty = 8),  (5)

where

X x'

A= T T

xeN
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is the (angular) distance of the vector from the multilane turnpike N (Panek
2017, Th. 5)°.

Let us now fix a process (x,y)€ Z\{0} whose input structure m or
output structure m differ from any turnpike structure:

X gsy L oes
x| Iy]

or, equivalently,
xENVyEN.

Hence, under the conditions (G1)—(G6), the technological efficiency rate
of such a process is less than the optimal rate (Panek 2018, Lemma 1):

o(x, y) < oty.

By this and the condition (G7) we conclude that if, in a production process
(x,y)e Z\{0}, input vector x or output vector y do not belong to the
multilane turnpike N, the economic efficiency rate measured at some von
Neumann price vector is less than the maximum efficiency rate.

3. Weak Multilane Turnpike Theorem

We are interested in a Gale economy satisfying conditions (G1)—(G7)
and functioning within a (finite) time horizon 7 ={0,1, ...,¢,},¢, <+oo.
Production dynamics obey the following simple condition:

x+)=sy@®), t=0,1,...,¢ -1,

according to which a period’s inputs stem from goods produced in the
previous period®. For this reason and by the condition (G3) we get:

0@, y+l)ezir+1), t=0,1,..,t,-1. (6)
We assume that in the initial period ¢ = 0 a production vector y(0) is given:
y(0)=y">0. ()

Every sequence {y (t)} |, satisfying conditions (6)—(7) is called a (feasible)
(v%,t,) — growth process (production trajectory). In the papers by Panek

‘ 3Tt is a version of Radner’s Lemma adapted to our model (Radner 1961).
% By this we mean a closed economy.
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(2017, 2018), we investigated the properties of feasible growth processes and
solved the following final state optimization problem (utility maximization
of production obtained in the last period ¢, in horizon T):

maxu(y(t))
subject to (6)—(7) (8)
with fixed y°.

In the present work, we replace the final state optimization criterion (8)
with the criterion of maximization of total discounted utility of production
obtained in all periods of the horizon T:

max ) er(1-7)u(y(t)
subject to (6)—(7) ©)
with fixed y°.

The instantaneous utility function u: R? — R. is assumed to satisfy the
following conditions:

(U1) u(") is continuous, positively homogeneous of degree 1, concave and
increasing,

(U2) Ja>0VyeRi(uy)<a(p,y)),

(U3) VseS(u(s)>0).

Such conditions are satisfied e.g. by some functions of the CES class.
Parameter ye(0,1) is a discount rate (time preference) of production utility.
Under the above assumptions, vy’ >0 V¢, <+oo problem (9) possesses an
optimal solution which will be denoted by {y"(¢)}\_, and called an (y°, T, u) —
optimal growth process (production trajectory).

While proving the weak turnpike effect (Theorem 1), we will need
the following condition which guarantees that it is possible to attain the
multilane production turnpike starting from the initial state y°:

(G8) There exists a feasible (y°,7+1) — growth process {y (t)f:(ﬂ, i<t,, such
that

a@@),y(E+1)=a,.
Let us discuss the economic meaning of (G8). To this end, we denote:
$=y(@i), 5= If (G8) holds, then (, o, J)EZ(t+1)CZ and thus

(V, 0y V) € Z g, SO:
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y()eN; €N,

where the half-line N;={As | A >0} is a von Neumann ray determined by the
production structure vector § in the optimal process (y, o,y) € Z,,,,, and

o yEN;EN, t=i+1, ...1,. (10)

Thus, condition (G8) entails that the economy, after having reached the
multilane turnpike N (one of the rays), can continue its growth by staying on
the turnpike and growing at the rate o,,. This growth rate is the optimal
(highest attainable) production growth rate in a Gale economy, which
accounts for calling the processes of the form (10) the optimal stationary
growth processes in the literature. These optimal processes stay on the
multilane turnpike N.

O Theorem 1. In a non-stationary Gale economy satisfying conditions
(G1)—(G8), if the discounted optimal production growth rate (1-7v)o,,
exceeds 1, then for any € >0 there exists a positive integer k. for which the
number of periods in which the production structure of a (y°, T, u) — optimal
process {y" (t) };_, satisfies the condition:
Yy oy

[yo] Tyl

is not greater than k.. The number k. is independent of the horizon 7 length.

d(y (1), N)=inf, =dy (), N)=¢ (11)

Proof. We will use the fact that problem (9) is equivalent to
max ., (1-7) u(y())
subject to (6)—(7) (12)
with fixed y°

(a trajectory {y"(¢t)};_, solves the problem (9) if and only if it solves (12)).
According to (G6), (2), (6), we have

(. y" (W)= (p.y°),
<.b’y*(2)>SOLM<p7y*(1)>SOL%/I<p:y0>’ (13)

(p.y (t)) <o (P, y" (t, = 1)) <afy (P, y°).
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Assume that in some periods 0 <1, 1T, ..., T, <7, the condition (11) is
fulfilled. Then, by (5),

BO (1), y (t+1) <oy -8, =Ty, ..., Ty
or, equivalently,
P,y (t+1)) (0 =8)(p,y (), 1271y, 0y T (14)
where 8, € (0, o). From (U2), (13), (14) we obtain
A-Pu@’ W) <a(1-7){p,y (1)) <a(d-y)ou (p,y"),
(1-9’u@ () <a(1-v*(p,y (2))<a(1-v) a3 (P, )°),

(=" u@ "t -k)<a(l-v)" " (p,y" (t,-k)<a@-7)""* oy (p,»°)
(L= Mu@ @ —k+1)<a(l-y)""*(p,y (t,-k+1))<
<a(1-p"*af (o -8.(p, ")

A= "u@ @) =a(l-9"(p,y () Sa(l-7)" ol " (0t =8) (P, y"),
and finally we get
2L A=Due @)=
(15)
<a(p,y )| T (1) ol + (- Fo F XEL (1) (0, - 8)).

On the other hand, due to (G8), the process {y(r) }'", defined by
[, =01, 1
y () ={

osal,’ t=i+1, ...1,

( ~T5 E )‘ €S,o=|y() ‘>O) is ()", ¢,) - feasible, and in view of (12), we have

2L =0 u )z XL A= u@@)zo X, (1= u @)=

=ou(H) X1 (1-1)">0. (1o
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By (15), (16) we have

a(p,y") [T (=) e+ (-9 el X, (1-9) (o 80| =
ZGLL(S)Z;:’] (1-y)">0,

and

DD € B R P € ) LT Rl S ¢ B0 B (AP

ou(s)

>— ;‘__i 1-9)">0
G2 (70
or, equivalently,
(1-p""oly —1 nk i (1= (o =8)" -1
(1-v)ouy (T +(1-v) “(ot —8¢) (T=7) (0t —0,)—1 =4
ou(3) (-9 og -1
T N A (e T

Taking 6.€(0,0,,) such that (o, —7v)(1-06,)>1, after simple
transformations we get

ou(s)

Vi, <4+ooVk=<t |A(t,k)+B(t,k)=C= a(;
a\p,y

>>0 , 17)

where

(1-p" Fal *-1

(1_,Y)tl—i tl—i_l’

B(t, k)= (=" ol " (o = 8)[(1=1)" (o = 80" - H[A-7)o -1],
[(1 Y gy =11 =) (o —80) 1]

But for k —+oo (t, = k):

A(ty, k)=

A(t,k)—0*and B(t,, k) — 0",

which contradicts (17). Hence, there exists a positive integer k. (independent
of 7,) such that the number of periods for which (11) holds is not greater
than k.. m
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If a Gale economy satisfies conditions (G1)—-(G8), then, independently
of the horizon T length, the production structure in any (y°, T,u) — optimal
process (solution of (9)) differs arbitrarily from a production structure on
the multilane turnpike. The economy achieves its highest growth rate on the
turnpike.

4. Very Strong Multilane Turnpike Theorem

In this section, we have to do with a special situation when there is
a (y°,T,u) — optimal process {y (f)};_, which reaches the multilane
turnpike N at some period 7 <t,, and if property (U2) of the instantaneous
utility function changes to

(02" 3 a>0VseS(u(y)=a<jJ,y>)7.
Under the just mentioned conditions we have:

O Theorem 2. Under conditions (G1)-(G7) and (Ul), (U2") and if
a (y°,T,u) - optimal process {y" (¢) }\",, for some 7 <t,, reaches the multilane
turnpike N, that is, it meets the condition

aly’ (@), y (t+1)) =0, (18)
then
vie{i+1, ....t;,-1}(y () eN).

Proof®. If the (y°, T,u) — optimal process {y"(t)}'_, satisfies (18), then the
process {y(t) }'" , defined by

3 vy (), t=0,1, ...,i,
yo= os‘all t=i+1,...,1
M >t e by

y (@)
Y@
Since, for t=0,1, ...,5, y(1)=y (¢?),

where G=Hy*(f) H>O,s*= , is a feasible (y°,¢,) — growth process.

2L (1= Uy @)z X (1= u(3 @) =ouls VXL, (1-7) o >0.  (19)

7 A linear form with the vector of cofficients ap approximating the function u(-) from above is
tangent to the graph of u(") along the multilane turnpike N.

8 The condition (G8) is redundant in the proof, since the optimal process {y*(t)}?:o meets this
condition by formula (18).
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But, by the conditions (G6), (2) (6), it holds
(p.y" (1))=0(p.s"),

by (1+1)= oo 5, o)

<p’y*(tl)>SGaM(X§l][f<p9S*>'
Suppose that for some te{i+1, ...,1, -1}
(y' (1) &N),
that is, 3e¢>0(d(y (t),N)=¢). Then, according to (5), there is 5, € (0, 0,)
for which
(P (1 +1))= (0w =8,)(p.y (1)). (21)

By conditions (20) and (21), in view of (U2’), we obtain:
A9 u( =a(@-1 (p,y B)=ca(1-9) (p.s ) =0 (- uls"),
A=) u @ +))<a(t-9"" (py ((+1))<ca(1-9)"" oy (p,s")=

=o(1-7) " oyuls’),

-9 u@ (D) <a(1-9)*(p,y (v)) <ca(l-y) oi (p,s’)=
=o(1-y) o uls’),

A-9)"u@ (t+))<a(1-9"" (py (1+1))<
<(m(1 ,Y)1:+1 T— t((XM 8)< > G(l ,Y)r+l T— t(aM_S) (*),

(L="u (" () <a(1=9)" (py (1) Soa(l-y) "ol " (o = 8)(pos’) =
=c(1-y) "o (o0 =8 )uls’),
which leads to
Y (A=p'uly ()<

(22)
<ou(s )|, (1-y) ol =8, 2 (-9 oy -
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By (19) and (22) we see that

ou(s )21, (1) oy =8, 2 (1-9)" oy | =
> ou(s )X, (1-7) 0’ > 0.
Hence, §, <0. This contradiction ends the proof. m

Let us note the above proof does not require the discounted optimal
growth rate to be greater than 1.

5. Final Remarks

Obviously, Theorems 1 and 2 remain true for a stationary Gale economy
with multilane turnpike and time-invariant production space, that is, when
Vt(Z(t)=Z =const). In this case, in Theorem 1, as well as in Theorem 2
(but for some other reason), condition (G8) becomes redundant. It easy
to show that if the initial production vector y° is positive (see (7)) and
production technology is constant in time, then condition (GS8) is satisfied
with 7 =1.

An interesting, but much more difficult, research problem would be
to investigate turnpike properties of optimal growth processes in non-
-stationary von Neumann-Gale type economies with multilane turnpike
without assuming the existence of limit technology space. The hypothesis
that there exists a limit technology might cause some controversy, and it is
certainly not a testable restriction imposed on the economy.
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Abstract

Niestacjonarna gospodarka Gale'a z graniczng technologia, wiclopasmowq
magistrala i ogélng postacig kryterium wzrostu

Artykul nawigzuje do publikacji autora: ,,«Staby» efekt magistrali w niestacjonarnej
gospodarce Gale’a z graniczng technologia i wielopasmowa magistralg produkcyjng”
(w: Matematyka i informatyka na ustugach ekonomii, D. Appenzeller (ed.), 2017) oraz
»Niestacjonarna gospodarka Gale’a z graniczna technologia i wielopasmowa magi-
stralg produkeyjna. «Staby», «silny» i «bardzo silny» efekt magistrali” (Przeglgd Statys-
tyczny 2018, 65(4)) i zawiera dowdd ,stabego” oraz ,bardzo silnego” twierdzenia
o magistrali produkcyjnej w niestacjonarnej gospodarce typu Gale’a z graniczna techno-
logia i wielopasmowa magistrala, w ktorej — w odréznieniu od wskazanych prac — role
kryterium wzrostu petni zdyskontowana, addytywna funkcja uzytecznoSci zdefiniowana
na wektorach produkcji wytworzonej we wszystkich okresach horyzontu.

Stowa kluczowe: niestacjonarna gospodarka typu Gale’a, graniczna przestrzen produk-
cyjna, zdyskontowana uzyteczno$¢ chwilowa, magistrala wielopasmowa.



